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[1] A means of upscaling the effective saturated hydraulic conductivity, hKi, based on
spatial variation in the saturated hydraulic conductivity (K) field is essential for the
application of flow and transport models to practical problems. Multifractals are inherently
scaling and thus may offer solutions to this dilemma. Random two-dimensional
geometrical multifractal fields (multifractal Sierpinski carpets with a scale factor b = 3) were
constructed for iterations i = 1 through 5 using different generator probability values (p).
The resulting average mass fractions were normalized and assumed to be directly
proportional to K. The objectives were to explore how the frequency distribution of K
changes as a function of p and i, how hKi varies with i for different p values, and how hKi is
related to the generalized dimensions of the multifractal field. Numerical simulations of
flow were performed in the multifractal fields, with hKi computed using Darcy’s law. The
results showed that hKi increases with increasing i level and increasing p value. The
scaling of hKi with resolution, 1/bi, followed a power law relationship, similar to that
observed for a variety of natural porous media. At the highest resolution (i = 5), ln hKi was
best predicted by the correlation dimension (D2); ln hKi increased as D2 increased (R2 =
0.991, p < 0.0001). This relationship indicates that hKi decreases with increasing long-range
spatial correlation among the K values in the field. Furthermore, as hKi decreases it
becomes increasingly dominated by flow channeling. This is because high values of K
become more and more clustered as p decreases. This approach may prove useful for
the prediction of hKi from generalized dimensions estimated by multifractal analysis of
field measurements of K. The results may also be applicable to the design of sampling
strategies for multiple small-scale slug tests at a given resolution.
Citation: Koirala, S. R., E. Perfect, R. W. Gentry, and J. W. Kim (2008), Effective saturated hydraulic conductivity of
two-dimensional random multifractal fields, Water Resour. Res., 44, W08410, doi:10.1029/2007WR006199.

1. Introduction
[2] The movement and dispersion of solutes in groundwater is controlled, to a large extent, by the heterogeneity of
the saturated hydraulic conductivity (K) field. Inherent
heterogeneity of soil and rock physical properties, as well
as extrinsic factors, can cause orders of magnitude variability in the spatial distribution of K [Sobieraj et al., 2004].
The spatial variability in K will influence the mean or
effective saturated hydraulic conductivity, hKi, of an aquifer
[Sanchez-Vila et al., 1996]. Spatial variation in K has been
shown to change with sample size [Gimenez et al., 1999],
and this scale dependency may partly explain the commonly
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observed increase in hKi with increasing measurement scale
[Neuman and Di Federico, 2003].
[3] Several different hydrogeologic definitions of measurement scale have been proposed [Neuman and Di Federico,
2003]. The most commonly encountered are the sample
support and the resolution. The former refers to the volume
of aquifer sampled in, for example, a well pumping test. The
later can be thought of as the number of constant volume
samples, such as slug tests, taken within an aquifer. The
theoretical connections between scaling relations based on
these different definitions of scale are currently not well
established.
[4] Measurement of saturated hydraulic conductivity
under field conditions is expensive and time consuming
[Zeleke and Si, 2006]. Therefore a means of quantifying the
scale dependence of hKi is essential for the application of
solute transport models to practical problems [Tennekoon
and Boufadel, 2003]. Recent research indicates that some
natural aquifers may exhibit multifractal scaling [Molz et
al., 2004; Boufadel et al., 2000]. Therefore it seems
plausible to model this scale dependency using fractal/
multifractal theories. A single fractal dimension (monofractal analysis) may not be sufficient to represent the extreme
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with a deterministic generator. Hence in this paper, the same
theoretical approach as that of Perfect et al. [2006] was
applied to investigate random multifractal K fields with
different probabilities of carpet formation. The objectives
were to explore: (1) how the frequency distribution of K
changes as a function of p and i for randomly generated
multifractal K fields, (2) how hKi is related to the generalized dimensions for the fields, and (3) how hKi varies with
the resolution (iteration level) for different probabilities of
carpet formation. Although theoretical in nature, the results
of this study may be applicable to the design of sampling
strategies for characterizing the effective hydraulic conductivity of a heterogeneous aquifer based on multiple smallscale slug tests.

2. Methods
Figure 1. A unit square aquifer showing the boundary
conditions used for the numerical flow simulations.
spatial variations often encountered with K. This is because
the distribution of K may be the result of several processes
that dominated in the past. The multifractal approach
[Kravchenko et al., 1999; Zeleke and Si, 2005] seems to
be an attractive alternative in this regard.
[5] Several statistical multifractal-based models have been
developed to simulate and predict K fields [e.g., Boufadel et
al., 2000; Tennekoon and Boufadel, 2003; Veneziano and
Essiam, 2003; Molz et al., 2004]. In contrast, geometrical
multifractals have received relatively little attention in hydrogeology. Lenormand et al. [1990] presented qualitative
results for network simulations of two-phase flow in a twodimensional random geometrical multifractal field. Saucier
[1992] used geometrical multifractals, combined with real
space renormalization group theory, to derive an analytical
expression for hKi as a function of carpet/aquifer size. de
Dreuzy et al. [2004] explored the relationship between
anomalous diffusion exponents and the correlation dimensions of random geometrical multifractal fields.
[6] Recently, Perfect et al. [2006] developed a theoretical
framework to upscale hKi using geometrical multifractal
Sierpinski carpets. Their approach is based on averaging
multiple realizations of monofractal Sierpinski carpets,
created with the heterogeneous algorithm, to produce a
multiplicative cascade of K values whose frequency of
occurrence at a given resolution is determined by the
truncated binomial probability distribution. The model
parameters are the scale factor (b), the probability of
forming the carpet (p), and the iteration level (i). For a
two-dimensional deterministic multifractal K field, Perfect
et al. [2006] showed that hKi is a power law function of the
linear resolution (1/bi), with the scaling exponent determined by the minimum generalized dimension for the field.
[7] Perfect et al. [2006] only investigated the scaling of
hKi for a single deterministic multifractal Sierpinski carpet
(b = 3, p = 8/9, and i = 1 – 5). Carpets constructed with
different p-values display varying degrees of heterogeneity.
Furthermore, it is likely that multifractal K fields constructed with a random generator better represent the natural
variation present in rocks and soils than those constructed

[8] The construction of the multifractal Sierpinski carpet
begins with a square of unit length, which is subdivided into
b2 parts in a b-by-b grid. Perfect et al. [2006] developed a
theoretical approach for allocating mass to the cells in this
grid based on averaging multiple realizations of the heterogeneous monofractal Sierpinski carpet. According to their
model, the average mass fraction associated with the jth cell
of the grid at the first iteration level (i = 1), hfj,1i, is
calculated using the expression [Perfect et al., 2006]:
h fj;1 i ¼

j1
X



BT b2  k; b2 ; p

k¼0

1
b2  k

ð1Þ

where BT (N, b2, p) is the truncated binomial probability of
N retained parts in a b-by-b grid given a selected
probability, p, and b21k are the possible mass fractions from
the monofractal carpets. To generate a random field, in
contrast to the deterministic multifractal considered by
Perfect et al. [2006], the locations of the j = 1 through b2
subsquares of the i = 1 grid, and their corresponding hfj,1i
values, are spatially randomized. Repetition of this process
down to the ith iteration level results in a multiplicative
cascade of average mass fractions, hfj,ii, occupying the b2i
parts of a random geometrical multifractal field. In previous
algorithms for constructing such fields the mass fractions at
the i = 1 level were chosen arbitrarily [Lenormand et al.,
1990; Saucier, 1992; de Dreuzy et al., 2004]. In the
approach presented here, however, the distribution of the
hfj,ii values depends explicitly on b, p, and i, thereby
yielding random geometrical multifractal fields that are
parsimoniously parameterized.
[9] The generalized dimensions, Dq, for the multifractal
Sierpinski carpet are computed by varying the parameter q
in [Perfect et al., 2006]:
Dq ¼

n
o
1
log M1 ðqÞ1 = logðbÞ
q1

q 6¼ 1

ð2Þ

where q is any real integer, and M1 is the generalized moment
of order q for the average mass fractions at i = 1. The value of
Dq at q = 1, D1, is given by [Perfect et al., 2006]:
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Figure 2. Examples of random multifractal Sierpinski carpets for iteration level, i = 5 and scale factor,
b = 3 with different probabilities: (a) p = 1/9, (b) p = 2/9, (c) p = 3/9, (d) p = 4/9, (e) p = 5/9, (f) p = 6/9,
(g) p = 7/9, and (h) p = 8/9.

[10] Equations (2) and (3) define a spectrum of generalized dimensions that are independent of i. The D0, D1
and D2 values represent special cases of the spectrum and
are referred to as the capacity, information (or entropy),
and correlation dimensions, respectively. For the multifractal Sierpinski carpets considered here, M1(0)1 = b2
in equation (2) and thus D0 = 2 (the Euclidean dimension). The D1 provides information about the degree of
heterogeneity or disorder in the distribution of the average mass fractions, and is thus analogous to the entropy
term in classical thermodynamics [Zeleke and Si, 2005].
The D2 is mathematically associated with the correlation
function and measures the degree of spatial auto-correlation among the average mass fractions [Zeleke and Si,
2005; de Dreuzy et al., 2004]. Other generalized dimensions of special interest are the maximum, Dq!1, and

minimum, Dq!1, of the spectrum given by [Perfect et
al., 2006]:


Dq!1 ¼  log hfmin;1 i = logðbÞ

ð4Þ



Dq!1 ¼  log hfmax;1 i = logðbÞ

ð5Þ

where hf min,1 i and hf max,1i are the minimum and
maximum average mass fractions at the i = 1 level,
respectively. The Dq !1 and Dq !1 provide information about the extremes in the distribution of the average
mass fractions.
[11] Following Saucier [1992] and Perfect et al. [2006],
we associate the average mass fractions in the multifractal
grid with K values. Because of the multiplicative cascade, it
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Figure 3. Distributions of normalized mass fractions for different probabilities (a) i = 1, (b) i = 2, (c) i =
3, (d) i = 4, and (e) i = 5.
is necessary to first normalize the average mass fractions,
i.e.
fj;i* ¼

hfj;i i  hfmin;i i
hfmax;i i  hfmin;i i

ð6Þ

are the minimum and maximum average mass fractions at
the ith iteration level, respectively. The saturated hydraulic
conductivity of the jth cell at the ith iteration level (Kj,i) is
then given by [Perfect et al., 2006]:

where f *j,i is the normalized mass fraction associated with
the jth cell at the ith iteration level, and hfmin,ii and hfmax,ii >
4 of 9

Kj;i ¼ ðKmax  Kmin Þfj;i* þ Kmin
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where Kmax and Kmin are global values of the maximum and
minimum saturated hydraulic conductivities respectively,
which can be used to match the simulated fields to actual
data.
[12] We used a MATLAB (R2007a) code to generate the
random multifractal fields with b = 3 and i = 1 (9 average
mass fractions) through 5 (59,049 average mass fractions)
by varying the truncated binomial probability of retaining
the subsquares (p) systematically from 1/9 to 8/9. Three
realizations were generated for each of the p and i levels to
give a total of 120 random geometrical multifractal fields.
Saturated hydraulic conductivity fields, Kj,i, were generated
from the average mass fractions using equations (6) and (7)
with Kmax set to unity and Kmin set to zero. Because Kj,i =
f *j,i in this case, no specific units were assigned to the
saturated hydraulic conductivity values.
[13] For the numerical simulations of flow, a unit square
aquifer of unit thickness with the boundary conditions as
shown in Figure 1 was considered. To permit comparisons
among iteration levels, the i = 1 through 4 constructions
were further subdivided so that all grid sizes were equal to
the i = 5 level (i.e., a 243 243 grid). Hydraulic conductivities for each block were assigned based on the Kj,i value.
Numerical simulations were performed using Argus Open
Numerical Environments (version 4) (Argus ONE) and
MODFLOW 2000 [Harbaugh et al., 2000; Winston,
2000]. The discharge into and out of the unit cube, under
a unit gradient, was used to calculate the effective saturated
hydraulic conductivities, hKi, based on Darcy’s law [Perfect
et al., 2006]. Relations between the resulting hKi values and
selected generalized dimensions for the multifractal fields,
D1, D2, Dq!1 and Dq!1, were then investigated using
regression analysis.

3. Results and Discussion
[14] Realizations of random multifractal Sierpinski carpets for i = 5, b = 3 and different p values are shown in
Figure 2. It can be seen that as the probability increases
from 1/9 to 8/9, the spatial variation in the normalized mass
fractions (and thus K) appears to increase. Interestingly, the
p = 8/9 carpet looks heterogeneous, but is more homogeneous than the p = 1/9 carpet in terms of the distribution of
normalized mass fractions (Figure 3e). This is quantitatively
confirmed by the information dimensions for these carpets
(D1 = 0.589 for p = 1/9 and D1 = 1.963 for p = 8/9); the
closer D1 is to the capacity dimension (D0 = 2 in our case),
the more homogeneous the distribution. Figure 3 shows that
the highest frequency for the normalized mass fractions
always occurs between zero and 0.1 for the lower probabilities. Studies show that hydraulic conductivity fields are
often positively skewed [Gimenez et al., 1999; Mesquita et
al., 2002; Loáiciga et al., 2006]. In general the distributions
of normalized mass fractions suggest that the multifractal
fields for p = 4/9 through p = 8/9 will best simulate natural
K fields.
[15] Example K values and head distributions from
numerical simulations performed at iterations i = 1 and 5
of a b = 3, p = 6/9 randomized multifractal field are shown
in Figure 4. The lower iteration level is equivalent to a
coarser resolution (length scale = 0.333), while the
higher iteration level is equivalent to a finer resolution
(length scale = 0.004). At i = 1, there are just nine K

Figure 4. Head distributions at: (a) iteration 1 (scale =
0.333) and (b) iteration 5 (scale = 0.004) for a randomized
multifractal Sierpinski carpet with b = 3 and p = 6/9.

values, one of which is zero and through which no flow
passes. The head contour lines intersect the zero K cells
(dark blue region) at right angles, which can be clearly seen
at this scale (Figure 4a). In contrast, at i = 5, there are
59,049 K values, only one of which is zero. The zero K cell
cannot be identified from the head distributions at this scale
(Figure 4b).
[16] Numerical simulations of flow were performed in
three realizations of the random multifractal fields for
each iteration level (i.e., i = 1 to 5) and probability level
(i.e., p = 1/9 to 8/9). In general, coefficients of variation
for the log-transformed effective saturated hydraulic conductivity increased going from finer to coarser resolution
(i.e., 1/bi = from 0.004 to 0.333) and from high to low p
values (Table 1). This trend is probably indicative of an
underlying percolation phenomenon. For low p-value fields,
especially at the coarsest resolution, those cells containing
the highest K values may or may not be connected depending upon their particular spatial arrangement in any given
realization. If they percolate, then channel flow dominates
and hKi is relatively high; if not, flow is uniformly slow and
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Table 1. Coefficients of Variation (%) of ln hKi for the Three
Realizations of Each Field as a Function of Linear Resolution, 1/bi,
and Probability of Carpet Formation, p
1/bi
p

0.004

0.012

0.037

0.111

0.333

8/9
7/9
6/9
5/9
4/9
3/9
2/9
1/9

1.15
2.55
0.76
4.95
1.24
18.25
2.04
17.21

0.79
4.26
3.27
1.61
6.03
8.94
7.40
10.79

3.30
8.71
4.71
16.04
8.77
26.41
13.29
14.39

1.45
6.60
2.66
0.00
32.66
12.22
2.93
14.76

8.87
23.64
11.52
18.48
31.88
32.24
31.47
32.04

hKi is relatively low. These contrasting flows result in
highly variable estimates of hKi for different realizations.
[17] The numerical simulation results indicate that for any
given resolution, the effective saturated hydraulic conductivity increases with increasing probability, p (Figure 5). At
the highest resolution (i = 5), the lnhKi values were
inversely related to Dq!1, and positively related to D1,
D2 and Dq!1 (Figure 6). These relationships suggest that
the effective saturated hydraulic conductivity can be predicted from the generalized dimensions of the multifractal
field. Since higher order generalized dimensions are difficult to estimate from real data and since the regression for ln
hKi versus D2 gave the highest coefficient of determination
(Figure 6), the correlation dimension appears to be the best
candidate for further study. Low D2 values indicate long
range correlations, while high values of D2 indicate short
range correlations. Thus the positive relationship between
lnhKi and D2 in Figure 6 indicates that the effective
saturated hydraulic conductivity decreases with increasing
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spatial correlation among the K values in the field. This is
because high values of K become more and more spatially
restricted (clustered) as p decreases (Figure 2). Thus as hKi
decreases it becomes increasingly dominated by preferential
flows up to some percolation threshold, beyond which flow
is uniformly slow. Bruderer-Weng et al. [2004] investigated
the use of D2 as indicator of flow channeling in heterogeneous networks. They found that channel flows increased
with decreasing D2, which is consistent with our results.
[18] Perfect et al. [2006] found that the effective saturated
hydraulic conductivity of b = 3, p = 8/9, i = 1 – 5 deterministic multifractal K fields increased as a power law with
increasing scale of observation (1/bi). We found a similar
pattern of scale dependency for randomized carpets and
other p values. Figure 7 shows double logarithmic plots of
effective saturated hydraulic conductivity versus linear
resolution. For probabilities 1/9 through 8/9, as the length
scale increases (iteration level decreases), the effective
saturated hydraulic conductivity increases. The results of
linear regression analyses for ln hKi versus ln 1/bi are
presented in Table 2; all of the fits were highly significant
(p values <0.0001). In terms of the coefficients of determination, the p = 6/9 field gave the best overall fit for the
simulation results.
[19] Based on arithmetic averaging of the deterministic
multifractal fields, Perfect et al. [2006] showed that the
slope (a) of the ln hKi versus ln 1/bi relation was given by
2-Dq!1. A similar result was observed in this study for a
randomized b = 3, p = 8/9, and i = 1 – 5 multifractal field
(Figure 8). However, best fit estimates of a obtained for
other the p-values were significantly higher than predicted
by 2-Dq!1 (Figure 8). The underlying reason for this
discrepancy can be found in Figure 3; equating the normalized mass fractions to K, it is clear that the distribution of K

Figure 5. Effective hydraulic conductivity as a function of probability of forming the multifractal
Sierpinski carpet for i = 5 and b = 3. Error bars indicate 95% confidence interval.
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Figure 6. Figure 6. log-transformed effective saturated hydraulic conductivities lnhKi at i = 5 as a
function of selected generalized dimensions: (a) maximum generalized dimension, Dq!1; (b) minimum
generalized dimension, Dq!1; (c) information dimension, D1; and (d) correlation dimension, D2.
for p = 8/9 is relatively uniform (irrespective of the iteration
level), thereby justifying arithmetic averaging. However, as
p decreases, the distributions become more and more
skewed toward the lowest values, such that first geometric,
and then harmonic averaging is needed to best represent the
effective saturated hydraulic conductivity. The changing
nature of the distribution of K with p in these multifractal

fields, and thus the need for different averaging methods,
indicates that more theoretical work is necessary if any
‘‘universal’’ scaling exponent is to be extracted analytically
from the generalized dimensions.
[20] The results in Figure 7 and Table 2 are similar to
those obtained in field studies [e.g., Schulze-Makuch et al.,
1999; Neuman and Di Federico, 2003; Nastev et al., 2004;

Figure 7. Double logarithmic plot of effective saturated hydraulic conductivity. hKi versus linear
resolution (scale).
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Table 2. Results of Linear Regression Analysis for lnhKi Versus
ln(1/bi)
p

Slope, a

Intercept

R2a

Volumetric Slope, a/3

8/9
7/9
6/9
5/9
4/9
3/9
2/9
1/9

0.13
0.44
0.78
0.99
1.64
2.16
2.48
2.80

0.193
0.063
0.064
0.711
0.701
1.978
3.422
6.337

0.966
0.994
0.999
0.959
0.936
0.973
0.977
0.951

0.04
0.15
0.26
0.33
0.55
0.72
0.83
0.93

a

All of the fits were statistically significant at p < 0.0001.

W08410

value. Comparing these results with the distributions of
normalized mass fractions (Figures 2 and 3), it can be seen
that the simulated K distributions are also more homogeneous for these probabilities. Similarly, the p = 2/9 through
4/9 carpets best represent dual porosity media, while carpets
with the lowest probabilities, p = 1/9 to p = 3/9, best
represent fractured or conduit flow media. Despite the very
different approaches employed (field/sample support versus
model/resolution), our results are remarkably close to those
of Schulze-Makuch et al. [1999], suggesting that the exponents controlling hydrogeologic scaling may be independent
of the exact definition of measurement scale.

4. Concluding Remarks
Martinez-Landa and Carrera, 2005]. Schulze-Makuch et al.
[1999] analyzed various sediments and rocks and found that
hKi increased with the scale of measurement as a power law.
This increase was more pronounced in the most heterogeneous porous media. They used the volume of tested
material as their measurement scale (sample support),
whereas we employed length, computed from the resolution
(iteration level) as the measure of scale. Taking hKi / (b1i )a,
where a is the scaling exponent (estimated from the slope of a
double log regression) we can write hKi / La and L / V1/3
giving hKi / Va/3, where L = 1/bi and V represent the length
and volume scales, respectively. Hence our a values are
three times larger than the exponents reported by SchulzeMakuch et al. [1999]. This difference has been taken into
account in Table 3.
[21] Our volumetrically adjusted scaling exponents are
within the range of exponents from Schulze-Makuch et al.
[1999]. It can be argued that the different carpet p – values
represent different geologic media with different saturated
hydraulic conductivity distributions. Comparing Table 2
with Table 3, we can say that the multifractal fields with
4/9
p
8/9 best represent best granular porous media,
with the degree of homogeneity increasing with increasing p

[22] The normalized mass fractions of randomized multifractal Sierpinski carpets can be used to represent the areal
distribution of saturated hydraulic conductivities in an
aquifer. Numerical simulations were performed to determine
the scaling of the effective saturated hydraulic conductivity,
hKi, for different probabilities of carpet formation using
Argus ONE and MODFLOW-2000. The results showed that
the effective hydraulic conductivity increases with increasing probabilities of carpet formation at a given iteration
level. The effective saturated hydraulic conductivity at high
resolution was related to the generalized dimensions of the
multifractal fields. Thus it may be possible to predict the
effective saturated hydraulic conductivity of an aquifer from
an empirical Dq spectra determined by multifractal analysis.
[23] The effective hydraulic conductivity was related to
the linear resolution as a power law. Further theoretical
investigation of the magnitude of the power law exponent is
warranted. It is possible that multifractal fields can be used
to represent different geologic media, with their degree of
heterogeneity increasing with decreasing p-value. Despite
very different definitions of scale, our model scaling relations are remarkably similar to those obtained in field
studies.

Figure 8. Relationship between observed scaling exponent (a) and 2-Dq!1.
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Table 3. Power Law Relations Between Effective Hydraulic
Conductivity and Measurement Scale for Different Flow Types (After
Schulze-Makuch et al. [1999])
Exponent
Type of Medium

Observations

Average

Range

Homogeneous media
Heterogeneous porous
flow media
Double porosity media
Fracture flow media
Conduit flow media
Multifractal media

4
8

not determined
0.51

>0.19 – 0.65
0.45 – 0.55

16
7
4
8

0.72
0.96
0.90
0.48

0.55 – 0.83
0.80 – 1.13
0.67 – 1.11
0.04 – 0.93

[24] In this work a single value of the scale factor b was
used. Future research should include a sensitivity analysis of
hKi to b. It might also be interesting to evaluate hKi from
transient well pumping simulations performed in the multifractal fields and compare the resulting values with those
obtained from the steady state numerical simulations. In
terms of practical applications, the simulations conducted in
this study suggest that a low resolution sampling of an
aquifer based on slug tests is likely to yield an overestimation of the effective saturated hydraulic conductivity as
compared to a higher resolution sampling. This effect will
likely be more pronounced in spatially heterogeneous
aquifers such as dual porosity or fractured media.
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